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Spivak ([4]) :“ It seems rather clear that
if one takes a Riemannian manifold $(N, <, >)$ “ at random” , then it will
not have any totally geodesic submanifolds of dimension $>1$ . But I must
admit that I don’t know of any specific example of such a manifold. $”\ll$.
“ ” $\uparrow$]







$u\in T_{p}M$ $0$ $I$ $I$
$\gamma.\cdot Iarrow M$ $\gamma(0)=p,$ $\gamma’(\mathrm{o})=u$
: $T_{p}M\text{ }$
$V$ $V$ $M$ (
, $\mathit{0}$ $|j$ $S$ $S$ M
$\varphi:Sarrow.M$ $\varphi(\mathit{0})=.p,$ $\varphi_{*}\tau_{\mathit{0}}s=V$ ) –
?
E.Cartan
(axiom of planes) $M$ $\mathrm{t}j$ $1<r<\dim M$
$r$ $M$ $p_{\text{ }}T_{p}M$ $r$
$V$ $V$ $M$
– $M$ V\subset TpM
:
$V\subset T_{p}M$ $V$ $M$
“ ” ( )
E.Cartan Cartan
: $u\in T_{p}M$
$\gamma_{u}(t)=\mathrm{e}\mathrm{x}1_{P}\supset$ tu $u$ $R_{u}(t)$ $\gamma_{u}(t)$
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$\gamma_{u}$ $T_{p}M$ $(1,3)$
(E.Cartan) $V$ $T_{p}M$ 2
(1) $V$ $M$
(2) $\in>0$ $t\in(-\mathit{6},\epsilon)$ 1 $u\in V$
.
(2.1) $R_{u}(t)(x, y)z\in V$ for any $x,$ $y,$ $z\in V$
$M$ (2.1) :
(2.1) $R(x, y)z\in V$ for any $x,$ $y,$ $z\in V$
? naturally
reductive hoinogeneous space $\text{ ^{ _{}\circ}}$
:
$M$ naturally reductive homogenous space o $M$
$d$ : $T_{o}M$ r $V$
$V$ $M$
1 $u\in V$
$(\nabla^{i}R)(u, \ldots, u;x, y, z)\in V$ $0\leq i\leq d$ $x,$ $y,$ $z\in V$,





. $(M)=$ { $\sigma=(p;V)|p\in M,$ $V\subset T_{p}M$ . r-dim subspace}.
$\pi$ : $G_{r}(M)arrow M$ $\pi((p;V))=p$
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$G_{r}(M)$ r $D$ $\mathcal{H}$
$G_{r}(M)$ $\sigma=$
$(p;V)\in G_{r}(M)$ $\pi_{*}$ $\mathcal{H}_{\sigma}$ $T_{p}M$
$D_{\sigma}$ $D_{\sigma}\subset \mathcal{H}_{\sigma},$ $\pi_{*}D_{\sigma}=V$
(1) r S $M$
$\varphi$ : $Sarrow M$ $\varphi\#$ : $Sarrow G_{r}(M)$ $\varphi(\# p)=(\varphi(p);\varphi_{*}\tau_{p}s)$
$\varphi(\# S)$ $D$




$G_{r}(M)$ $\sigma=(p;V)$ $D$ $\mathcal{I}$
$\mathcal{I}$ \mbox{\boldmath $\sigma$} $=(p;V)$ $V$ M
(1)
$\sigma=(p;V)\in \mathcal{I}$
$\varphi:Sarrow M$ : $f$ : $Narrow M$ $V$
$g:Narrow S$ $f=\varphi \mathrm{o}g$
(2) $M$ $\sigma=$
$(p;V)\in \mathcal{I}_{\text{ }}v\in V$ $\sigma_{v}(t)=(\gamma_{v}(t);V(t))$ $\gamma_{v}$ :
$\mathrm{R}arrow M$ $\gamma_{v}(0)=p,$ $\gamma_{v}’(0)=v$ $V(t)$ $\gamma_{v}$
$V$ $\gamma_{v}(t)$ r
$M$ $\sigma=(p;V)\in \mathcal{I}$ 2
(1) $V$
(2) $v\in V_{\text{ }}t\in \mathrm{R}$ $\sigma_{v}(t)\in \mathcal{I}$ .
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$F=a_{1}e_{1}.\otimes e_{1}^{*}+a_{2}e_{2}\otimes e_{2}^{*}+\cdots+a_{n+1}e_{n+1}\otimes e_{n+1}^{*}$
$\{e_{1}, \cdots, e_{n+1}\}$ $\mathrm{R}^{n+1}$
M (3.1) $\mathrm{R}^{n+1}$ $S$ M r
$(2\leq r\leq n-1)$ $S$
.
(1) $r+1$ F W S W\cap M 1
(2) $M$ $\mathrm{R}^{n+1}\text{ }$ r
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1 (2) $\iota j-$
$F$ $\nu$
$M$ $\leq\min\{\nu, n-\nu\}$
$S_{1},$ $S_{2}$ $M$ r
$M$ $\mathrm{R}^{n+1}$ \mbox{\boldmath $\phi$} $\emptyset(S_{1})=S_{2}$
2(3.1) $a_{i}(i=1, \cdots, n+1)$
$M’=$ { $x={}^{t}(x_{1,1}\ldots,$$x_{n+})\in M|x_{i}\neq 0$ for any $i$ }
$M’$ $M$ Mu
(3.2) $\mathrm{R}^{n+1}$ $Q^{n}$ $\sigma$ {1, 2, $\cdots,$ $n+$
$1\}$ $\mathrm{R}^{n+1}$ $T_{\sigma}(e_{i})=e_{\sigma(i)}$ $T_{\sigma}(Q^{n})=$
$Q^{n}$ $Q^{n}$ $2\leq m\leq n-1$ $Q^{m}$
$Q^{n}$
$Q^{m}=\{x={}^{t}(x_{1}, \cdots, x_{n+1})\in Q^{n}|x_{m+2}=\cdots=x_{n+1}=0\}$ .
$k_{1},$
$\cdots,$
$k_{l}^{\wedge}$ $2\leq k_{1}\leq\cdots\leq k_{l},$ $k_{1}+\cdots+k_{l}\leq n+1$
$Q^{n}$ $S$ $S_{k_{1},\cdots,k_{l}}$ :
$S=\{x=(_{X_{1,n+1}}t\ldots, x)\in Q^{n}| x_{1}=\cdots=x_{k_{1},k_{1}}X+1=. . . =x_{k_{1}+k}2’ \}$ .. .. , $xk_{1}+\cdots+k_{\mathrm{t}}-1+1=\cdots=xk1+\cdots+k\iota-1+k\iota$
$S$ $Q^{n}$ r $(2\leq r\leq n-1)$
$S$ $T_{\sigma}$
(1) $Q^{m}$ $S_{k_{1},\cdots,k_{l}\mathrm{o}}$ $m\leq n$ , $r=m+l-(k_{1}+\cdots+k_{l})$
(2) $Q^{n}$ $\mathrm{R}^{n+1}\text{ }$ r
$Q^{n}$ $\mathrm{R}^{n+1}$ $n/2$
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